The search for possible mixing patterns of charged leptons and neutrinos is important to get clues of the origin of nearly maximal mixings, since there are some preferred bases of the lepton mass matrices given by underlying theories. In this paper, we systematically examine the mixing patterns which could lead to large lepton mixing angles. We find out the mixing patterns consistent with experimental data if taking into account phase factors in the mixing matrices. Only 6 patterns of them can explain the observed data without any tuning of parameters, while the others need particular choices for phase values. It is found that the first 6 patterns are certainly predicted by the models which have been proposed to account for the fermion mass hierarchy. On the other hand, the other patterns have not been studied and will give new possibilities of model-construction.
Introduction
The Super-Kamiokande experiment has confirmed the neutrino oscillation in atmospheric neutrinos, which favors the ν µ → ν τ process with a large mixing angle sin 2 2θ atm ≥ 0.88 and a mass-squared difference ∆m 2 atm = (1.6 − 4) × 10 −3 eV 2 [1] . On the other hand, the recent data of Super-Kamiokande favors the large mixing angle (LMA) MSW solution [2] for the solar neutrinos problem [3] , but there are still four solutions allowed; the small mixing angle (SMA) MSW [4] , the LMA-MSW, the low ∆m 2 (LOW), and the vacuum oscillation (VO) solutions [5] . As a result, the neutrino mixing matrix (Maki- Nakagawa-Sakata (MNS) matrix [6] ) has two possibilities: one is the matrix with single maximal mixing, which gives the SMA-MSW solution for the solar neutrino problem, and the other with bi-maximal mixing [7] , which corresponds to the LMA-MSW, LOW, and VO solutions.
Assuming that the neutrino oscillations only account for the solar and atmospheric neutrino data, one can consider prototypes of the MNS mixing matrix U MNS which are written as
for single maximal mixing, and 
for bi-maximal mixing. Here ∆m 2 ⊙ is the mass-squared difference relevant to the solar neutrino problem.
Where is the origin of the above nearly maximal mixings? This is one of the most important problems in the lepton mixing. In almost all models for the fermion masses and mixing, there are some preferred bases given by underlying theories of the models.
The maximal mixing angles generally follow from both the charged-lepton and neutrino mass matrices. The search for possible mixing patterns of charged leptons and neutrinos is therefore important for constructing models with maximal lepton mixings. In this paper, we systematically investigate the mixing patterns where at least one of the mixing matrices has sources of maximal mixings. Our analysis is not concerned with any particular structures of lepton mass matrices and hence with the mass spectrum of neutrinos as stated above. Moreover, the results do not depend on whether neutrinos are Dirac or Majorana particles and also whether right-handed neutrinos exist or not.
In section 2, we discuss the mixing patterns for charged leptons and neutrinos, and classify in the light of phenomenological constraints from Super-Kamiokande and long baseline neutrino experiments. In section 3, we present several examples of the mass matrices of charged leptons and neutrinos which give the allowed mixing patterns obtained in section 2. Section 4 is devoted to summary and discussions.
Phenomenology of Mixing Matrices
When the charged-lepton and neutrino mass matrices are given, the MNS matrix is defined as
where V 's are the mixing matrices which rotate the left-handed fields so that the mass matrices are diagonalized. The mixing matrices V E and V ν are generally parameterized as follows:
Here U(ij) are the rotation matrices, 
in which s ij = sin θ ij and c ij = cos θ ij , and P 's are the phase matrices; P = diag(1, e ia , e ib ),
, and P ′′ = diag(e ip , e iq , e ir ). The matrices U (ij), P , P ′ , and P ′′ in the neutrino side take the same forms as above. Note that, in general, the phase factors in P ′′ can be absorbed with a redefinition of charged-lepton fields, and physically irrelevant.
In case of Dirac neutrinos, the same prescription can be done, but for Majorana-type neutrinos, the phases in P ′′ cannot be absorbed into the phases of neutrino fields and remains physical. However, these phases are not concerned with values of mixing angles we want to discuss below. We can hence safely drop the phase matrices P ′′ and P ′′ in the following analyses. Since there are six mixing angles in V E and V ν , it is meaningful to raise a query which angles are responsible for the observed maximal mixings in U MNS .
In order to answer this, we analyze the mixing patterns in a model-independent way. Now, the MNS mixing matrix is written as
in which
As will be seen below, in our analysis, the phase factors in the matrix Q sometimes play important roles to have phenomenologically viable mixing angles. The mixing matrices U(ij) and U(ij) are determined if the mass matrices of charged leptons and neutrinos are given. In the first approximation, we assume that these mixing angles are zeros or maximal ones, and then examine possible combinations of U E and U ν combined with indications of Super-Kamiokande and long baseline neutrino experiments.
Let us consider 9 types of mixing matrices for U E and U ν . The first three types of matrices are given by taking one of mixing angles being maximal and the others being zero: (10) where we use the notation A, S, and L for three type mixing matrices of U E and U ν .
The second three types of matrices are given by taking one of mixing angles being zero and the others being maximal:
The threefold maximal mixing [8] and the unit matrix are also added in our analyses:
In addition to these, one specific mixing, which is the so-called democratic type mixing [9] , is examined because this mixing is different from the above ones and may be derived from well-motivated underlying theories:
By using the above types of mixing matrices, we have 81 (= 9 × 9) combinations of matrices for U MNS , in which the phases α, β, δ E , and δ ν are free parameters. Note that if at least one of the matrix elements is zero in U E (U ν ), we can take P ′ (P ′ ) as a unit matrix without loss of generality. The phase δ E (δ ν ) can be absorbed into the matrices P ′′ (P ′′ ) and Q. This situation is easily understood in view of the Jarlskog parameter [10] which measures the sizes of CP violation. In case of one (or more) matrix element being vanished, the Jarlskog parameter becomes zero. This means that all phases can be rotated away by redefinitions of the lepton fields. Therefore the phases δ E and δ ν are included only in the type T matrix.
We examine the MNS matrices according to phenomenological constraints coming from the atmospheric neutrino experiments. The Chooz experiment [11] also provides a useful guide for the classification of mixing matrices, in particular, for the (U MNS ) e3 element. The solar neutrino problem can be solved with both large and small mixing angle solutions, which are now predictions of our systematic search of taking 81 combinations of U E and U ν . We here take a convention where the mixing between the labels 2 and 3 is relevant to atmospheric neutrinos and the mixing between the labels 1 and 2
to the solar neutrino problem. We find that the 81 mixing patterns are classified into the following five categories:
• class 1: small mixing for atmospheric neutrinos
• class 2: large value of (U MNS ) e3
• class 3: small mixing for atmospheric neutrinos when (U MNS The classes 4 and 5 are consistent with the experimental data. Our result of classification is summarized in Table 1 . We have also checked the "stability" of our classification numerically by taking the fluctuations of all mixing angles in the region of θ ij = θ ij ± 5
• both in the charged-lepton and neutrino sectors. The classified table is not changed by these fluctuations.
In Table 1 , we find that there are several exchanging symmetries. In the neutrino side, the exchanges A ↔ B, S ↔ I, and L ↔ H keep the table remaining as it is. The existence of these symmetries may be naturally understood. The above exchanges only reverse the predictions for solutions of the solar neutrino problem from large to small mixing angle and vice versa, and hence the classification table remains unchanged. We also have a similar T ↔ D symmetry. In the charged-lepton side, the exchange B ↔ N leaves the classification unchanged. This is a bit curious symmetry. Due to a constraint from the Chooz experiment, one may usually assume that a bi-maximal mixing matrix takes the form of type B. It is, however, found here that the matrix N, which has a large 1-3 mixing, gives exactly the same results as the matrix B does. Even for the predictions for 1-2 mixing angles, two matrices give the same results when (U MNS ) e3 can be properly tuned. This observation would give a new possibility of model-building for the fermion masses and mixings.
In the category of class 5, there are the following 6 mixing patterns:
We have substantially three types of combinations due to the exchanging symmetries stated above. It is interesting that these 6 combinations are certainly predicted by the models which have been proposed to account for the fermion mass hierarchy within various frameworks. Note that in our analysis, we do not refer any particular structures of mass matrices, but only discuss the combinations of two unitary matrices U E and U ν , together with the phenomenological constraints on rotation angles. The coincidence of these two approaches may show a profound connection between mass eigenvalues and mixing angles. An interesting fact we find in (17) is that without tuning of phase parameters (i.e., in class 5), a large 1-2 mixing relevant to the solar neutrino problem must come from the neutrino side (except for the cases of democratic-type mixing).
This may be a natural result in view of the charged-lepton masses and commonly seen in the literature. That is, in the charged-lepton sector, the mass hierarchy between the first and second generations may be too large for the large angle solar solutions. * It is, however, noticed that the same result can be obtained only from a viewpoint of mixing matrices.
Class 4 contains the other 31 patterns of mixing matrices. These patterns require suitable choices of phase values to be consistent with the experimental data. The result is summarized in Table 2 , which shows the values of mixing angle for atmospheric neutrinos (sin 2 2θ atm ) and for solar neutrinos (sin 2 2θ ⊙ ) in cases that the values of (U MNS ) e3 are fixed to be minimum. For each combination, we also present the relevant phases which are tuned to obtain the minimum value of (U MNS ) e3 . In some cases, the mixing angles of sin 2 2θ atm and sin 2 2θ ⊙ have some uncertainties in their predictions. It is because there are remaining phase degrees of freedom even with fixed values of (U MNS ) e3 . The mixing patterns in class 4 have various numbers of phase tuning to obtain experimentally suitable MNS matrices. For example, the types (U E , U ν ) = (A, A) and (A, B), which are often seen in the literature, requires only one tuning of phase values to fix all the mixing angles in U MNS (see also the next section). Clearly a fewer number of parameter * Note that the democratic mass matrix does not explain mass hierarchies among the lighter families.
tuning is preferable to have definite predictions. We find that 7 combinations,
have the same situations as (A, A) and (A, B) ; all the mixing angles can be settled by only one phase tuning (for (U MNS ) e3 ≪ 1). These combinations have not been discussed so far in the literature and would provide new possibilities for constructing models where fermion masses and mixing angles are properly reproduced.
In the next section, we discuss several examples of lepton mass matrices for the mixing patterns in classes 4 and 5.
Texture of Lepton Mass Matrices
Let us begin with discussing the patterns in class 5. As noted in the previous section, these mixing patterns are well known in the literature, in other words, there are various models of mass matrices which lead to these mixing patterns. We summarize the 6 patterns briefly. In this section, we assume that neutrinos are Majorana particles, for simplicity.
The first pattern is the case (U E , U ν ) = (A, S), which predicts bi-maximal mixing for the MNS matrix, and are derived from the charged-lepton mass matrix M E and the left-handed neutrino Majorana mass matrix M ν as
where ǫ is a small parameter, λ is of the order of the Cabibbo angle, and the blanks in the matrices mean smaller entries. Such a type of texture is at first derived in SO (10) grand unified models [12] . The next one is the case (U E , U ν ) = (A, I), which predicts single maximal mixing for the MNS matrix, and are derived from
These mass matrices are indeed obtained in E 7 , E 6 , and SO(10) grand unified theories [13] . The third one is (U E , U ν ) = (I, A), which gives single maximal mixing for the MNS matrix, and are derived from
This texture can be given by, for example, R-parity violating models [14] . The fourth one is (U E , U ν ) = (I, B), which gives bi-maximal mixing for the MNS matrix, and are derived from
This texture follows from radiative generation mechanisms for neutrino masses [15] .
The fifth and sixth patterns are specific ones because they depend on the democratic lepton mass matrix [9] . The combination (U E , U ν ) = (D, S) gives single maximal mixing for the MNS matrix, and are derived from
where δ is the small parameter. On the other hand, (U E , U ν ) = (D, I) gives nearly bi-maximal mixing, and are derived from
All the above mixing patterns are allowed by the experimental data without any tuning of phases, α, β, δ E, ν .
Next let us discuss the mixing patterns in class 4, where the presence of phase factors is essential in the MNS matrix to have right values of mixing angles. There are 31 patterns classified into this category, but only a few mass matrix models with these mixing patterns have been constructed. These patterns thus provide potentially useful textures of lepton mass matrices.
At first, we discuss a well-known example (U E , U ν ) = (A, A) which is derived from the mass matrices,
obtained in the models with U(1) flavor symmetries [16, 17] . The mixing angles at leading order become
that gives a SMA solution for the solar neutrino problem. The experimental constraint, (U MNS ) e3 ≪ 1, is satisfied, but for atmospheric neutrinos tuning of phase values for β − α must be involved. In the presence of the phase matrix Q, a cancellation of two large mixing angles from U E and U ν can be avoided. Though the Super-Kamiokande result still allows about 10
• deviations from maximal mixing angle, the result can be explained only in ∼ 20% region of the whole phase parameter space. It is numerically checked that the situation is unchanged even if one includes ±20
• fluctuations of the mixing angles in U E and U ν .
Another pattern for which concrete models have been constructed is the case of (U E , U ν ) = (A, B), which can be derived from the mass matrices,
These textures have been discussed in Ref. [18] . It is pointed out in Ref. [17] that this combination of mixing matrices is also derived from the mass matrices in Eq. (25). The mixing angle θ atm is the same as Eq. (26), and a phase value, β − α ≃ π/2 must be chosen in order to get maximal mixing of atmospheric neutrinos.
We here comment on the models [19] which introduce the following type of mass matrices:
This corresponds to (U E , U ν ) = (T, T ), or to a special case (U E , U ν ) = (D, D), where suitable MNS matrices can also be obtained by phase tuning.
As noted in the previous section, in class 4, there N) . This mixing pattern could be derived from the mass matrices,
In this case, we have
Here we would like to emphasis that a single phase tuning of α can ensure all the mixing angles to be consistent with experiments. The smaller (U MNS ) e3 is tuned by a phase rotation, the larger mixing angles for solar and atmospheric neutrinos become.
In the above example, the mixing angle of sin 2 2θ atm may be a bit smaller than the experimental bound from atmospheric neutrino anomaly. However, if a few deviations from the rigid values of mixing angles in U E and U ν are taken into account, we can easily get a proper MNS matrix. Even in this case, it is enough to tune only one phase parameter. Since the (U MNS ) e3 mixing in (30) is close to the Chooz bound, this pattern will be tested in the near future. Including the above example, we find several possible mixing patterns which no one has discussed so far (see Table 2 ). Model-construction utilizing such types of textures may be worth being performed.
Summary and Discussion
To study the origin of nearly maximal mixings is one of the most important issues in particle physics. In this paper, we have examined what type of mixing matrices of charged leptons and neutrinos can be consistent with the neutrino experimental results.
Our analyses do not depend on any details of underlying models, in particular, of mass matrix forms of charged leptons and neutrinos. The results are hence independent of, for example, neutrino mass spectrum and neutrino property, that is, whether they are Dirac or Majorana particles. As the typical forms of charged-lepton and neutrino mixing matrices, we have taken 9 types of unitary matrices, which contain sources of large mixing angles and could be induced from some underlying theories. We then examined 9 × 9 combinations of mixing matrices and checked whether the resultant MNS mixing matrices satisfy the phenomenological constraints from atmospheric and long baseline neutrino experiments. In our analyses, the phase factors, which cannot be absorbed into re-definitions of lepton fields, have played important roles.
We have found that there are many allowed mixing patterns of charged leptons and neutrinos for the MNS matrix with bi-maximal or single maximal mixing. Among them, only 6 mixing patterns are allowed without any tuning of phase values. Interestingly, these patterns are indeed derived from the concrete models which have been proposed to account for the fermion mass hierarchy problem. The other patterns can give solutions of the observed neutrino anomalies depending on the choices of phase values. In this class, physically significant mixing patterns might be the ones which need a fewer numbers of phase tuning to have definite predictions consistent with experiments. We have found that 9 combinations satisfy this criterion, a single phase tuning required. They have not been studied enough in mass matrix models and would give new possibilities of modelconstruction. The phases to be tuned are not completely unphysical unlike the quark sector, but some of them could be connected to Majorana phases and CP violation 
